In this article, we show that very ample line bundles of type (1, 1, d) on an abelian threefold A, with N S(A) ≃ Z Z, give projectively normal embeddings, if d = 2d ′ , (d ′ ≥ 11 and odd) or when d ≥ 32.
Introduction
Let L be an ample line bundle of type δ = (d 1 , d 2 , ..., d g ) on an abelian variety A of dimension g. Consider the associated rational map φ L : A −→ IP H 0 (L). Suppose L = M n , for some ample line bundle M on A. Then it is known that L gives a projectively normal embedding if n ≥ 3 and when n = 2, no point of K(L) is a base point for M, (see [2] , 7.3.1). Consider the case when g = 2, and L is an ample line bundle of type (1, d) on A. Then it has been shown by Lazarsfeld (see [7] ) that whenever φ L is birational onto its image and d ≥ 7 odd and d ≥ 14 and even, then φ L gives a projectively normal embedding. We showed that if the Neron Severi group of A, NS(A), is Z Z, generated by L, and d ≥ 7, then φ L gives a projectively normal embedding, (see [5] ). Now consider the situation when g = 3. We show Theorem 1.1 Suppose L is an ample line bundle of type (1, 1, d) on an abelian threefold A, with NS(A) ≃ Z Z. Suppose L is very ample and d = 2d ′ ,(d ′ ≥ 11 and odd) or d ≥ 32.
Then the embedding given by φ L is projectively normal.
It has been shown by Debarre et.al ( see [3] , Corollary 25, p..201) that whenever d ≥ 9 and the pair (A, L) is generic, then L is very ample. Also, for a general pair (A, L), NS(A) ≃ Z Z. Hence our assertion is true for a generic pair (A, L), as above.
Also, it is clear that if A = E × A ′ and L = p * 1 L 1 ⊗ p * 2 L 2 , where (E, L 1 ) is an elliptic curve of degree d 1 and (A ′ , L 2 ) is a polarised abelian surface of type (1, We outline the proof of 1.1.
We firstly show that for abelian varieties, it is enough to show the surjectivity of the homomorphism
to give a projectively normal embedding, (see 4.3).
We assume L is symmetric for the involution i on A, a → −a. Under the stated assumptions, we show that if the map ρ 2 is not surjective then there is a i-invariant quadric of rank ≤ 8, whose nullspace does not intersect the secant variety, Sec(A) (∪T an(A)), of A in |L|. Under projection from the nullspace ( which is also i-invariant), we get an embedding of the abelian threefold into a i-invariant linear system of dimension at most 7, with degree(A) > 64. But by [6] , Theorem 1.4, such an embedding does not exist.
If G(L)( × < i > denotes the semi-direct product of G(L) and < i >, then we study the G(L)( × < i >-equivariant map ρ 2 by restricting it to the isotypical components of the G(L)( × < i >-modules Sym 2 H 0 (L) and H 0 (L 2 ), of weight 2.
The section on representations of G(L)( × < i > (see Section 3 ) can be viewed with independent interest. Here we show that any irreducible representation ρ of G(L), where the scalars α act as multiplication by α 2 (called as 'of weight 2'), can be realized as the natural irreducible representation of the theta group of weight 1, associated to some ample line bundle on a quotient abelian variety. Moreover, if the involution i acts on ρ, then this realization helps in determining the dimensions of the ±1-eigenspaces of ρ, for the involution i.
Preliminaries
Let L be an ample line bundles of type δ = (δ 1 , δ 2 , ..., δ g ) on an abelian variety A, with δ 1 , δ 2 , ..., δ s odd and δ s+1 , ..., δ g even.
Let t a denote the translation by a on A, a ∈ A.
Consider the group K(L) = {a ∈ A : L ≃ t * a L} and the theta group
Then the vector space H 0 (L) is the unique irreducible representation ( upto isomorphism) of the theta group G(L), where α ∈ I C * acts by multiplication, (see [8] , Theorem 2, p.297).
Let K(δ) = K 1 (δ) ×K 1 (δ). Then the Heisenberg group of type δ is Heis(δ) = I C * × K(δ). There are natural inclusions K(L) ⊂ K(L 2 ) and K(δ)
where l ′ (y) = l(2y).
Suppose L is a symmetric line bundle on A, i.e L ≃ i * L, for the involution i : A −→ A, a → −a. Then the involution i induces an involution on the vector space H 0 (L), also denoted as i. Let H 0 (L) + and H 0 (L) − denote the +1 and the −1 eigen spaces of H 0 (L), for the involution i and h 0 (L) + and h 0 (L) − denote their respective dimensions. 
depending on the characteristic of L. The first equality holds if L is of characteristic 0.
Proof: : See [2] , Exercise 4.11, for a more precise statement.
Suppose we choose a normalized isomorphism ψ : L ≃ i * L, i.e the fibre map at 0 ∈ A, ψ(0) = +1. Then L is said to be strongly symmetric if ψ(a) = +1, for any torsion 2 element of K(L). Define a quadratic form e L * : A 2 −→ {±1}, where A 2 is the set of torsion 2-elements of A as e L * (a) = ψ(a), for a ∈ A 2 . We recall the homomorphisms, A theta structure f :
characteristic functions on Z Z/δZ Z and they form a basis of the vector space V (δ).
compatible with the involution i on the vector spaces H 0 (L) and V (δ). Then L is strongly symmetric if and only if it admits symmetric theta structures.
Proof: : See [5] , Proposition 2.3.
Remark 2.5 By [2], 6.9.5, if H is a polarization of type δ = (δ 1 , δ 2 , ..., δ g ), with δ 1 , ..., δ s odd and δ s+1 , ..., δ g even, then there are 2 2s symmetric line bundles in P ic H (A) admitting symmetric theta structures. Hence by 2.4, there are 2 2s strongly symmetric line bundles in P ic H (A).
Proposition 2.6 Let L be a strongly symmetric line bundle on an abelian variety A.
Then there exist symmetric theta structures f 1 and f 2 such that the following diagram
commutes.
Proof: See [5] , Proposition 2.5.
3 Representations of the group G(L)( × < i >.
Let G(L)( × < i > denote the semi-direct product of the theta group G(L) and the involution < i >.
An irreducible representation of G(L)( × < i >, where α ∈ I C * acts as multiplication by α n , is said to be of weight n.
Let W be an irreducible representation of G(L)( × < i >, of weight 2. Let W + and W − denote the +1 and the −1 eigen spaces of W for the involution i and w + and w − denote their respective dimensions.
We are interested in computing the values of w + and w − .
Recall the following. 
If the character is trivial, then the representation further descends to the group F =
has a non degenerate Weil form, it is isomorphic to the standard Heisenberg exact sequence of appropriate type. The other irreducible representations are then simply ρ ⊗ χ, where χ is a character obtained after composing with the map G(L) −→ K(L) of a character on K(L) which is an extension of a character on K(L) 2 .
Suppose now that the involution i act on the representation ρ. Hence, if we assume L is strongly symmetric then by 2.3, δ −1 (z) = z, where z = ±1 is an element of order 2 in G(L). This means that the involution i commutes with z ∈ s(K(L) 2 ). Hence the representation ρ in fact descends to a representation of F ( × < i >. This further implies that the involution i acts on the representations ρ ⊗ χ, ( χ as above).
We are now interested in realising these representations as the natural irreducible representations of the theta group, of weight 1, of some line bundles on a quotient abelian variety. This would then help in determining the values w + and w − from 2.1.
For this purpose, it is enough to identify the exact sequence Consider the homomorphism
and E 2 : Heis(δ) −→ Heis(2δ).
These give inclusions G(L) {±1} ⊂ G(L 2 ), K(L) ⊂ K(L 2 ) and Heis(δ) {±1} ⊂ Heis(2δ), and an embedding K(δ)
Now assume that L is a strongly symmetric line bundle on A. Then by 2.6, there exist compatible symmetric theta structures f 1 and f 2 for L and L 2 and it is enough to show that
Proposition 3.2 There is an isotropic subgroup G of K(2δ) such that K(δ) K(δ) 2 ≃ G ⊥ G , ( the isomorphism being symplectic, for the form (e δ ) 2 on K(δ) K(δ) 2 and e 2δ on G ⊥ G ).
Proof: : Choose an isotropic subgroup G of K(2δ), for the Weil form e 2δ , which is maximal containing K(δ) 2 and elements of order 2 only. Let x ∈ K(δ) and g ∈ K(δ) 2 ⊂ G. Since e δ (x, g) = ±1, e 2δ (x, g) = e δ (x, g) 2 = +1. If g ∈ G − K(δ) 2 , then by definition of e 2δ , e 2δ (x, g) = 1. Hence K(δ) ⊂ G ⊥ . Since G ⊥ K(δ) ≃ G K(δ) 2 , the assertion is proved. 2 
We recall the following Proposition 3.5 Regard H 0 (L 2 ), as a G(L)-module of weight 2, via the homomorphism
. Then its isotypical decomposition is given as
Proof: : See [5] , Proposition 3.7.
'r-normality' of L
Consider the multiplication maps H 0 (L) ⊗r ρr −→ H 0 (L r ), f or r ≥ 2.
Definition 4.1 L is said to be r-normal, if ρ r is surjective.
The main result of this section is the following.
Proposition 4.3 Suppose L is an ample line bundle on an abelian variety
In particular, L is normally generated.
Firstly, we will show 
1) The multiplication map
is surjective, for any open subset U of P ic 0 (A).
2) If the multiplication map
are also surjective, for α in some open subset U of P ic 0 (A). Consider the map
To see the surjectivity of the map ρ r+1 = ρ 1,r • (Id ⊗ ρ r ), we need to show that the map ρ 1,r is surjective.
Since L is 2-normal, by 4.4 2) (a),
which implies ( using 4.4 1)) that
This map factors via
and Kerρ 2 = I 2 = the vector space of quadrics containing φ L (A) in IP H 0 (L).
The results due to Barth (see [1] ) and Van de Ven ( see [9] ) show Suppose L is a line bundle of characteristic 0 on A, of type (1, 1, d) . Then L is symmetric and admits symmetric theta structures, (see [2] , 6.9.5). In particular, L is strongly symmetric, by 2.4.
Consider the map ρ 2 : Sym 2 H 0 (L) −→ H 0 (L 2 ). Via the homomorphism ǫ 2 : [8] , Proposition 5, p.311), the map ρ 2 is equivariant for the involution i and ρ 2 = ρ + 2 + ρ − 2 , where
Since the map ρ 2 is equivariant for the action of the group G(L)( × < i >, Kerρ 2 is a G(L)( × < i >-module of weight 2. If the homomorphism ρ 2 is not surjective, then
We consider the following cases, according to the type δ = (1, 1, d) of L.
If V 8 denotes the subvariety of P (Sym 2 H 0 (L)), parametrizing quadrics of rank ≤ 8, then by [4] , Example 22.31,
2 . Hence the intersection of P (Kerρ 2 ) and V 8 will be at least 3-dimensional if 
As a Heis (2) 
as a Heis(δ) module, of weight 2, 
. Then the
). If any of r i , i = 1, 2, 3 is not surjective, by 3.1,
Hence the intersection of P (Kerr i ) and the subvariety V ′ i will be at least 3-dimensional if
Suppose that the map r 4 is not surjective.
Consider the exact sequence
and j(e 1 ⊗ e 2 ).(f 1 ⊗ f 2 ) = e 1 f 1 ⊗ e 2 f 2 .
Fix a basis {e 1 , f 1 } of V (2). Consider the embedding G(2, V (d ′ )) −→ P ( V (2) ⊗ V (d ′ )), given as, any 2-plane I C{e 2 , f 2 } → (e 1 ∧ f 1 ) ⊗ (e 2 ∧ f 2 ). Then the image G is a subvariety of dimension 2(d ′ − 2). From the above exact we notice that the elements of for some numbering of χ ∈ K(L) 2 . Hence the map ρ 2 = r 1 + r 2 + r 3 + r 4 , where r i are G(L)equivariant and are the restrictions of ρ to the above isotypical components.
Let V i ⊂ P (Sym 2 W i ) be the subvariety parametrizing quadrics of rank ≤ 4. Then
. Consider the join J 12 = {Q 1 + Q 2 : Q 1 ∈ V 1 , Q 2 ∈ V 2 }.
Then dimJ 12 = 2.dimV 1 + 1 = 8d ′ − 13. By 3.5, any isotypical component of H 0 (L 2 ), as a G(L)-module of weight 2, is of dimension 8d ′ . If r 1 is not surjective, then by 3.1, 
